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Abstract

The identity testing of rational formulas (RIT) in the free skew field efficiently reduces to
computing the rank of a matrix whose entries are linear polynomials in noncommuting variables
[22]. This rank computation problem has deterministic polynomial-time white-box algorithms
[19, 24] and a randomized polynomial-time algorithm in the black-box setting [13]. In this
paper, we propose a new approach for efficient derandomization of black-box RIT. Additionally,
we obtain results for matrix rank computation over the free skew field, and construct efficient
linear pencil representations for a new class of rational expressions. More precisely, we show the
following results:

e Under the hardness assumption that the ABP (algebraic branching program) complex-
ity of every polynomial identity for the k x k matrix algebra is 29(F) [8], we obtain a
subexponential-time black-box algorithm for RIT in almost general setting. This can be
seen as the first “hardness implies derandomization” type theorem for rational formulas.

e We show that the noncommutative rank of any matrix over the free skew field whose en-
tries have small linear pencil representations can be computed in deterministic polynomial
time. Prior to this, an efficient rank computation was only known for matrices with non-
commutative formulas as entries [I8]. As special cases of our algorithm, we obtain the first
deterministic polynomial-time algorithms for rank computation of matrices whose entries
are noncommutative ABPs or rational formulas.

e Motivated by the definition given by Bergman [0], we define a new class of rational func-
tions where a rational function of inversion height at most A is defined as a composition of
a noncommutative r-skewed circuit (equivalently an ABP) with inverses of rational func-
tions of this class of inversion height at most h — 1 which are also disjoint. By definition,
this class contains ABPs and rational formulas. We obtain a polynomial-size linear pen-
cil representation for this class. As a by-product, we obtain a white-box deterministic
polynomial-time identity testing algorithm for the class.
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1 Introduction

In algebraic circuit complexity the basic arithmetic operations are additions, multiplications, and
inverses. Using these arithmetic operations algebraic circuits compute either polynomials or rational
functions. An important sub-area of algebraic complexity is noncommutative computation where
the multiplication of variables is not commutative and the set of monomials (over the variables)
form a free monoid. If we allow only addition and multiplication gates in the noncommutative
formulas/circuits, they compute noncommutative polynomials (similar to the commutative case)
in the free algebra.

In the commutative case, the role of inverses is well understood but in the noncommutative
world it is quite subtle. To elaborate, it is known that any commutative rational expression can
be expressed as fg~! where f and g are two commutative polynomials [32]. However, noncom-
mutative rational expressions such as 7! 4+ y~! or zy~ 'z cannot be represented as fg~! or flg.
If we have nested inverses then it makes the rational expression more complicated, for example
(z +ay ! )_1 — 271, Moreover, a noncommutative rational expression is not always defined on
a matrix substitution. For a noncommutative rational expression t, its domain of definition is
the set of matrix tuples (of any dimension) where t is defined. We denote it by dom(r). Two
rational expressions t; and ty are equivalent if they agree on dom(t;) N dom(try). This induces an
equivalence relation on the set of all noncommutative rational expressions (with nonempty domain
of definition). It was used by Amitsur in his characterization of the universal free skew field (de-
noted by F<z» when the variable set is z = {x1,x2,...,2,}) and the equivalence classes are called
the noncommutative rational functions [1]. This object plays an important role in the study of
noncommutative algebra [II, [I1]], control theory [26], and algebraic automata theory [34].

Computationally, rational functions are represented by noncommutative arithmetic circuits or
formulas using addition, multiplication, and inverse gates [22]. The inversion height of a rational
formula is the maximum number of inverse gates in a path from an input gate to the output
gate. It is known that the inversion height of a rational formula of size s is bounded by O(log s)
[22]. Hrubes and Wigderson consider the rational identity testing problem (RIT) of testing the
equivalence of two rational formulas [22]. It is the same as testing whether a rational formula
computes the zero function in the free skew field. In other words, decide whether there exists
a matrix tuple (of any dimension) such that the rational formula evaluates to nonzero on that
substitution. Rational expressions exhibit peculiar properties which seem to make the RIT problem
quite different from polynomial identity testing. The apparent lack of canonical representations
such as the sum of monomials representation for polynomials and the use of nested inverses in
noncommutative rational expressions complicate the problem. For example, the rational expression
(x +xytz)~' 4+ (2 + y)~!' — 27! of inversion height two is a rational identity, known as Hua’s

identity [23].
A second characterization of the free skew field entries was developed by Cohn [II]. A linear
pencil L of size s over noncommuting variables z = {x1,...,2,} is a s X s matrix whose entries are

linear forms in z variables, i.e. L = Ao+ ;" | Ajz;, where each A; is an s x s matrix over the field
F. Cohn showed that for every free skew field entry v in F<€z)», there is a linear pencil L such that
v is an entry of the inverse of L. More generally, we say that v has a linear pencil representation of
size s, if for vectors ¢,b € F* and s X s linear pencil L, t = A L71h where ¢! is the transpose of c.
Hrubes and Wigderson give an efficient reduction from the RIT problem to the singularity testing
problem of linear pencils [22]. In particular, if v is a rational formula of size s, they showed that ©
has a linear pencil representation L of size at most 2s such that v is defined on a matrix tuple if and



only if L is invertible on that tuple [22]. Using this connection, they reduce the RIT problem to the
problem of testing whether a given linear pencil is invertible over the free skew field in deterministic
polynomial time. The latter is the noncommutative SINGULAR problem, whose commutative analog
is the symbolic determinant identity testing problem. The deterministic complexity of symbolic
determinant identity testing is completely open in the commutative setting [25]. In contrast, the
SINGULAR problem in noncommutative setting has deterministic polynomial-time algorithms in the
white-box model due to the works of Garg et al. [I9] which is based on operator scaling and that
of Ivanyos et al. [24] which is based on the second Wong sequence and a constructive version of
reqularity lemma. As a consequence, a deterministic polynomial-time white-box RIT algorithm
follows.

A central open problem in this area is to design an efficient deterministic algorithm for non-
commutative SINGULAR problem in the black-box case [19]. The algorithms by Garg et al. [19] and
Ivanyos et al. [24] are inherently sequential and we believe that they are unlikely to be helpful for
black-box algorithm design. It is well-known [19] that an efficient black-box algorithm (via a hitting
set construction) for SINGULAR would generalize the celebrated quasi-NC algorithm for bipartite
matching significantly [I6]. There is a randomized polynomial-time black-box algorithm for this
problem [13].

Even for the RIT problem (which could be easier than the noncommutative SINGULAR problem),
the progress towards designing efficient deterministic black-box algorithm is very limited. In fact,
only very recently a deterministic quasipolynomial-time black-box algorithm for identity testing of
rational formulas of inversion height two has been designed [2]. It is interesting to note that in the
literature of identity testing, the noncommutative SINGULAR problem and the RIT problem stand
among rare examples where deterministic polynomial-time white-box algorithms are designed but
for the black-box case no deterministic subexponential-time algorithm is known.

Remark 1. For noncommutative polynomials computed by polynomial-size arithmetic circuits,
efficient randomized polynomial identity testing algorithms are known either for polynomial degree
bound or for exponential sparsity bound [8], [4]. In contrast, the complexity of testing the identity
of rational circuits is completely open. In fact, even in the white-box setting we do not have a
randomized subexponential-time algorithm.

1.1 Derandomization of RIT from the hardness of polynomial identities

In this paper, we propose a new approach to tackle the RIT problem in the black-box case under a
suitable hardness assumption, which is a known conjecture in theory of Polynomial Identities (PI).
This was first raised by Bogdanov and Wee [8, Section 6.2].

Conjecture 2. The ABP complexity (i.e. the minimum size of an algebraic branching program) of
a polynomial identity for the k x k matriz algebra My(F) is 290,

The conjecture implies that ABPs of size s cannot evaluate to zero on all O(log s)-dimensional
matrices. Bogdanov and Wee [§] also observed that if the conjecture holds then there is an §O(log?s)_
time black-box PIT for noncommutative ABPﬂ and as supportive evidence showed that the con-
jecture is indeed true for normal identities (of which the standard identity is a special case), and
the identity of algebraicity.

Independent of the conjecture, Forbes-Shpilka [I7] obtained an s90°89)_time black-box PIT for noncommutative
ABPs.



Consider the following variant of the usual hitting set definition.

Definition 3. For a class of rational formulas R, we say that a hitting set H is strong if for any
formula v € R, there exists a matrix tuple p € H such that t(p) is invertible.

In the following theorem, we show that an efficient derandomization of RIT is possible assuming
Conjecture [2. This can be seen as the first “hardness implies derandomization” type result for
rational formulas.

Theorem 4. If Conjecture [2 is true then we can construct a strong hitting set of size
(snh(vylog s)2h+2)o(h(71°gs)2h+2) for rational formulas v of size s over n wvariables and inversion
height h in deterministic (snh(~ylog s)2h+2)o(h(wlogs)2h+2)—tz’me for some constant v > 1. This re-
sult holds over infinite or sufficiently large finite fields and h < B(log s/loglog s) for any 0 < g < 1.

As a special case for h = O(1), this gives a quasipolynomial-size hitting set. To get a
subexponential-size bound 25’ on the hitting set where § is any constant in (0,1), we can allow
h < cs(log s/loglog s). Here ¢5s € (0,1) is a constant that depends on 0.

As already mentioned, the inversion height of size s rational formula is bounded by O(log s) [22].
Therefore, Theorem Ml solves the RIT problem in an almost general setting.

We believe that the main interesting point about Theorem [lis that it relates the black-box RIT
derandomization that involves handling nested inverses with a problem purely for noncommutative
polynomials: we can obtain a deterministic black-box RIT algorithm by showing an exponential size
lower bound for ABPs computing any polynomial identity for matrix algebras. Over the years such
hardness assumptions have proved to be useful in designing deterministic algorithms for problems

related to identity testing [20] 25| 5] [14], [T0, 28].

1.1.1 Proof Sketch

The first step in proving Theorem Ml is a variable reduction step that shows the identity testing
of a rational formula v of inversion height A can be reduced to the identity testing of another
rational formula v’ over 2(h + 1) variables in a black-box manner. Notice that for noncommutative
polynomials (for which h = 0), such a reduction is standard and given by z; — yoy!yo where yo, y1
are new noncommutative variables. We prove it by induction on h. In fact, we use a stronger
inductive hypothesis that roughly says that for every nonzero rational formula t of inversion height
h, there also exists a 2(h+1)-tuple of matrices tuple (qoo, - - - , r0, Qo1 - - - » @n1) such that t(p1, ..., pn)
is invertible and for each i € [n], p; = Z?:O qjoqj-lqjo. Once we assume the inductive hypothesis
for inversion height A — 1, for each rational formula v of inversion height h, we get a matrix tuple
of the form p = (p1,...,p,) where p; = Z;:ol qjoqﬁlqjo such that v is defined on p. Then, we use
concepts from matrix coefficient realization theory and construct the nonzero generalized series
t(z + p) [34]. Now, we can use the standard bivariate encoding trick on t(z + p) to complete the
variable-reduction step.

The next important step that we establish is that if Conjecture 2] is true then for any rational
formula v of size s and inversion height h, one can find a matrix tuple p of dimension (v log s)h+l
(for some constant ) such that v(p) is an invertible matrix. This is done via induction on h and
a bootstrapping argument. For the base case, we take h = 0. In this case the rational formula is
also an ABP of size s and Conjecture 2] confirms that t is nonzero on a generic matrix tuple p of
dimension O(log s). Also t(p) is invertible by an application of Amitsur’s theorem [I]. Inductively
we assume that we can find such a matrix tuple ¢ of dimension dj_; < (vlog s)" for any rational
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formula ¢ of inversion height at most h—1 and size at most s. An easy observation shows that given
a rational formula v of inversion height £, v is defined on such a matrix tuple . We again use matrix
coefficient realization theory[34] to construct the nonzero generalized series t(z + ¢) by expanding
v around the point g. Substituting the variables x1,x2,...,z, by symbolic generic matrices over
noncommuting variables Z(), ... Z( of dimension dj,_1, we observe that each entry of the output
matrix t(Z + ¢) is a recognizable series computed by a small size algebraic automaton.

By a standard result in algebraic automata theory generally attributed to Schiitzenberger [15],
Corollary 8.3, Page 14|, we know that at least one of the series is nonzero even when we truncate it to
a small degree. Applying the Conjecture[2] we infer that the truncated series is nonzero on generic
matrices of dimension roughly = log(sd,_1). A simple scaling trick shows that the full (infinite)-
series is also nonzero on generic matrices of same dimension. This determines the dimension of the
generic matrices on which the rational formula v is nonzero. Moreover the rational formula evaluates
to an invertible matrix on generic matrix substitution of that dimension. This is a consequence of
Amitsur’s theorem [IJ.

Once we have these two steps, the rest of the proof is straightforward. Given nonzero t over
the variables z1,...,x, of height h, we apply the variable reduction step to construct nonzero v of
height h (and roughly of same size) over 2(h+1) variables {yoo, Y01, - - - Yo, Yn1 }- Now we apply the
second step that says that ¢’ is nonzero (and hence invertible) on generic matrices over Z variables

of dimension (ylogs)"*!. We also make use of the fact that /(y) has a small-size linear pencil.

To construct the final hitting set, we just need to hit two sparse polynomials of sparsity bound
roughly (snh(ylog s)2h+2)Oh(ylogs)*" %)
sparse polynomial hitting set construction [27].

and this can be done by applying the standard result of

1.2 Noncommutative rank of matrices over the free skew field

For a matrix M = (g; j)mxm over the free skew field F<z), its noncommutative rank(denoted by
ncrank(M)) is the least positive integer < m such that M = PQ for an m x r matrix P and an
r X m matrix @ over F<z». This is also called the inner rank. If r = m, then M is invertible in
F<z>.

Indeed, a fundamental result of Cohn [I2] showed that for any matrix M = (g; j)mxm over the
noncommutative ring F(x) such that ncrank(M) = r, there exists an m X r matrix P and an r x m
matrix @ over F(z).

As already mentioned, the problem of computing the noncommutative rank of a linear matrix
admits deterministic polynomial-time white-box algorithms [19] 24]. If the matrix entries consist
of some higher degree terms, one can use Higman’s trick [2I] to reduce it to computing rank of a
linear matrix. Consider the following well-known example of a 2 x 2 matrix [18]:

1 T

y z+axyl|
Higman’s trick reduces it to another 3 x 3 linear matrix preserving the complement of the noncom-
mutative rank in the following way:

1 x 0 1 0
1 T
{ z—l—xy} y oztay Ofey 2
4 o 0 1 0 —y 1



However, it would not be efficient in general. In [I8, Proposition A.2], the authors showed an
effective use of Higman’s trick to efficiently reduce it to the rank computation of a linear matrix
when the entries are computed by noncommutative formulas.

In this paper, we address the matrix rank computation over the free skew field in a very general
setting. In particular, we obtain an efficient reduction to the rank computation of a linear matrix
even when the entries are free skew field elements computed by small linear pencils. More precisely,
we show the following.

Theorem 5. Let M = (g j)mxm be a matriz such that for each i,j € [m], g;; in F<xq,. .., x>
has a linear pencil of size at most s. Then, the noncommutative rank of M can be computed in
deterministic poly(m,n,s) time. Moreover, in deterministic poly(m,n,s) time, we can output a
matriz tuple T = (T4,...,Ty,) of dimension d such that the matriz the rank of matriz M(T) is
d -ncrank(M). The field F could be infinite or sufficiently large finite field.

As any noncommutative formula has a small linear pencil, our result subsumes a particular
result of Garg et al. [I8] which shows the efficient matrix rank computation when the entries
are noncommutative formulas. If the entries of the matrices are computed by noncommutative
ABPs, by a direct application of the algorithm due to Garg et al. [I8] we can compute the rank
in deterministic quasipolynomial time as any ABP has a quasipolynomial-size formula. However,
since a noncommutative ABP has a polynomial-size linear pencil [22], as a direct corollary of
Theorem [l we obtain a deterministic poly(m,n,s)-time algorithm for the ABP case. Moreover,
since noncommutative rational formulas also have polynomial-size linear pencils [22], we obtain a
deterministic poly(m, n, s)-time algorithm even if each entry of the matrix is computed by a rational
formula.

1.2.1 Proof Sketch

The basic principle of our proof is to reduce the problem to the rank computation of a linear matrix.
However, there is no clear notion of degree reduction for arbitrary elements over the free skew field.
This forces us to find a new approach of constructing this linear matrix efficiently that can also
handle a matrix of skew field entries as input. The main idea of the proof is to show that the linear
pencil representation enjoys the following closure property. Let A be an m X m generic matrix over
m? indeterminates and let substituting each indeterminate of A by a free skew field entry that also
has a linear pencil of size at most s, we obtain M. We show that we can find a small linear matrix
L efficiently such that ncrank(L) = m?s + ncrank(M). Somewhat surprisingly, the construction of
L turned out to be relatively simple and elegant.

There are many equivalent notions of noncommutative rank for linear matrices (for example,
see [24,[19]). A notion of particular interest is the blow-up definition that is crucial in the algorithm
of Ivanyos et al. [24]. The blow-up notion enables to find a matrix tuple on which the maximum
rank is achieved. We extend this notion and introduce a blow-up definition for noncommutative
rank (denoted by ncrank®) of matrices with free skew field entries. We show that for any matrix M
of free skew field entries, ncrank(M) = ncrank™(M). Introduction of the blow-up definition allows
us to find efficiently the matrix tuple 7" of dimension d such that the rank of M (T') is d-ncrank(M).
One can view the blow-up definition in this case as an extension of the theory developed by Derksen
and Makam [I3] for the linear case. This extension could be of independent mathematical interest.



1.3 Linear pencil representations for a new class of rational functions

The study of linear pencils seem to be the key in understanding several basic questions in rational
function theory [22], 18 24] B34, 13]. In this section, our main motivation is to understand the
relation between the linear pencil representations of rational functions and the representations
using basic arithmetic operations. Let RF, LR, RC be the class of polynomial-size rational formulas,
the class of rational functions that have polynomial-size linear pencil representations, and the class
of polynomial-size rational circuits. Hrubes and Wigderson [22] prove an exponential size lower
bound on the size of the rational formulas computing an entry of the inverse of a symbolic matrix.
Moreover, they show that each entry of the inverse of a symbolic matrix is computable by a rational
circuit of polynomial size. Therefore, the current known relation is RF C LR C RC.

Following Bergman [6], a noncommutative rational function tv(z) of inversion height at most
h can be inductively defined as t(z) = f(x1,... ,xn,gl_l, ooy gmb), where f is a noncommutative
polynomial and g1, ..., g, € F<€x)» are rational functions of inversion height < h — 1. Using this,
we give the following definition.

Definition 6. A rational r-skewed circuit of inversion height 0 is a noncommutative r-skewed cir-
cuiiﬁ which is also a noncommutative ABP. Inductively, we define t(z) = f(x1,...,2n, 97 L b
as a rational r-skewed circuit of inversion height at most h if f(x,y1,...,ymn) is a noncommutative
r-skewed circuit (m > 0) and for each ¢ € [m], g;(x) is a rational r-skewed circuit of inversion height
<h-—1.

Let R-rSC be the class of all rational functions computable by polynomial-size rational r-skewed
circuits. Inspecting the polynomial size rational circuit for symbolic matrix inverse [22], one can
notice that each entry of the inverse of a polynomial-size symbolic matrix can indeed be computed
by a polynomial-size rational r-skewed circuit. Hence LR C R-rSC. What is the exact expressive
power of the class LR? In particular, is it true that LR = R-rSC? It now suffices to show that
R-rSC C LR. While we are unable to answer this completely, we exhibit such a containment under
additional structural restriction.

Definition 7. An inversely disjoint rational r-skewed circuit of inversion height 0 is a
noncommutative r-skewed circuit (which is also an ABP). Inductively, we define v(z) =
flzr, .. 2n, 07 Lo g1) as an inversely disjoint rational r-skewed circuit of inversion height at
most h if f(z,y1,...,ym) is & noncommutative r-skewed circuit (m > 0) and for each i € [m], g;(z)
is a inversely disjoint rational r-skewed circuit of inversion height < h — 1 and for all i # j, the
circuits of g; and g; are disjoint.

Let ID-R-rSC be the class of rational functions computed by polynomial-size inversely disjoint
r-skewed circuits. This class contains rational formulas, ABPs. We are able to give polynomial-size
linear pencil representations for this class.

Theorem 8. Owver any field, an inversely disjoint rational r-skewed circuit of size s has a linear
pencil representation of size O(s?) which can be computed in deterministic polynomial time from
the given circuit.

This gives the following containment:

RF C ID-R-rSC C LR C R-rSC C RC,

2Usually in the literature they are called right-skew circuits. For the purpose of this paper, we prefer referring to
them as right-skewed and reserve the word “skew” for the skew field.



where we know at least one of the first two containment is proper. We do not know any uncon-
ditional separation between RF and ID-R-rSC. This question is somewhat similar in spirit to the
separation of noncommutative formulas and ABPs which is still open [30, @ 33]. However, a simple
inductive argument shows that a function of inversion height h in ID-R-rSC can be computed by

O(hlogs) By the standard argument, a noncommutative r-skewed circuit

O(log s)

rational formula of size s
of size s can be computed by a formula of size s . Consider an inversely disjoint r-skewed
circuit t(:_t,gl_l, ooy gl) where each g; € ID-R-rSC of inversion height < h — 1 for each 1 < i < m.
Inductively, each g; has a rational formula of size s@(("=1)185) Therefore, the size of the rational
formula computing ¢ can be at most s@(?108s) If j = O(log s), we then have a quasipolynomial-size
formula simulation for this class. However, unlike rational formulas [22], it is not clear whether h
can be taken as O(log s) for a general inversely disjoint r-skewed circuit of size s.

Using Theorem [, the following corollary is obtained by the application of rank computation
algorithm in [24]. For the black-box case, we can apply the algorithm in [I3]. In the proof of the
corollary we also mention how to apply the algorithm in [24] for the black-box case and get an
efficient randomized algorithm over the finite fields also.

Corollary 9. Let F be infinite or any sufficiently large field. For an inversely disjoint rational
r-skewed circuit of size at most s and over n variables, we can decide whether it computes zero in
F<z» or not in deterministic poly(s,n) time in white-box, and in randomized poly(s,n) time in
black-box.

1.3.1 Proof Sketch

As the key component, the proof uses a composition lemma that computes an efficient linear pencil
for f(z, gl_l, ..., g1 from the linear pencils of f(z, y) and gl_l, ..., gL Tt turns out that the proof
of this composition result is more subtle than the usual proofs of the linear pencil constructions for
rational formulas [22] 34].

We first elaborate on the composition lemma. Let L be an s x s linear pencil over xz1,..., T,
and Y1, ..., Ym. Let fj = (L71);; fori,j € [s]. Let g1, ..., gm be rational functions over z1,...,z,
such that each g; has a linear pencil L;, of size at most s’. Then we can construct a single linear
pencil L of size at most ms’ +m + 2s2 + s in poly(s’, s, m,n)-time such that

(L Dasrasriowas; = foj@ o' gm')  fori,j € [s], where 3=ms' +m.

Given a rational function v computed by an inversely disjoint rational r-skewed circuit of size at
most s, we consider the rational function t=! which is still in the same class (with inversion height
increased by one). Using the composition result, we construct a linear pencil of size O(s?) for
t~!. Notice that t(z,y) is a polynomial computed by an ABP or a r-skewed circuit and it has a
polynomial-size linear pencil [22]. Using a standard idea, t~! also has a small linear pencil L which
we use as the input to the composition lemma along with the inductively constructed linear pencils
for g1,...,9gm.- N

The final linear pencil L which is the outcome of the composition lemma has the additional
property that for any matrix tuple t(p), t™!(p) is defined if and only if Z(]_)) is invertible. Since
t # 0 if and only if t~! is defined [I], we can now use the algorithm for noncommutative SINGULAR
problem [24] on the linear pencil L to check the identity of t.



Organization

In Section 2] we mainly provide brief background on linear pencils and its connection with the
rational identity testing problem, and also present some results in matrix coefficient realization
theory. We prove Theorem [ in Section [3] The proof of Theorem [lis given in Section We give
the proof of Theorem [l in Section Bl We state some open questions in Section [Gl

2 Preliminaries

2.1 Linear pencils and rational functions

Let F be a field. A linear pencil L of size s over noncommuting x = {x1,...,x,} variables is a
s X s matrix where each entry is a linear form in z. That is, L = Ay + Z?:l A;x; where each A; in
M (F). Evaluation of a linear pencil at a matrix tuple p = (p1,...,pn) in M}, (F) is defined using
the Kronecker (tensor) product: L evaluated at p is Ag ® I, + > 1" 1 A; @ p;.

Given a linear pencil L, the noncommutative SINGULAR problem is to decide whether there is
a tuple p in M (F) of m x m matrices for some m such that the output matrix L evaluated at p
is invertible.

A rational function v in F<€z$> has a linear pencil representation L of size s if v = ¢! L~'b for
vectors ¢, b € F*. Following is the re-statement of Proposition 7.1 proved in [22].

Proposition 10. Let v be a rational function given by a rational formula of size s. Then t can
be represented (L_l)i,j for i,j € [s] where L is a linear pencil of size at most 2s. Moreover, t is
nonzero if and only if L is invertible.

Clearly in the above proposition the choice for ¢, b are the indicator vectors e; and e;.
We also use the following classical result of Amitsur [I] in this paper.

Theorem 11 ([I]). Let ¢ be a rational function which is nonzero on My (F) where F is infinite or
any sufficiently large field. Thentv(Y1,...,Yy) is an invertible matriz in My (F(Y)) where Yq,...,Y,
are generic indeterminate matrices of dimension k.

Remark 12. Usually Theorem [I] is stated over infinite fields. However it can be adapted over
any sufficiently large finite field F using the techniques in [24]. We briefly discuss it here. For
details we refer the reader to ALGORITHM 1 in [24]. Define the field F’ by adjoining a k"
root ¢ to F i.e. F/ = F[(]. Then construct a F'(Z;,Z) basis I' = {C},...,Cj2} of My(F'(Z1,2))
such that F'(Z;, Z*)-linear span of I is a central division algebra over F'(Zy, Z¥). Here Z,,Z are
two independent formal variables. Using that we can see that v is invertible on a generic linear
combination of I". Now by a standard argument the generic variables can be fixed from F (assuming
that I is sufficiently large) to obtain a matrix tuple 7" such that ¢(7') is invertible. This also implies
that v(Y") is invertible where Y is a generic matrix tuple of dimension k.

2.2 Algebraic branching programs (ABPs)

Definition 13. An algebraic branching program (ABP) is a layered directed acyclic graph with
one in-degree-0 vertex called source, and one out-degree-0 vertex called sink. Its vertex set is
partitioned into layers 0,1,...,d, with directed edges only between adjacent layers (i to i + 1).
The source and the sink are in layers zero and d, respectively. Each edge is labeled by a linear



form over F in variables {z1,...,2,}. The polynomial computed by the ABP is the sum over all
source-to-sink directed paths of the product of linear forms that label the edges of the path. The
maximum number of nodes in any layer is called the width of the algebraic branching program.
The size of the branching program is taken to be the total number of nodes.

Equivalently, an ABP of width w and d many layers can be defined as an entry of a product of
d many linear matrices of size at most w. Therefore, the polynomial f computed by an ABP is of
form (M, --- My); ; for some 4,5 € [w].

Proposition 14. An ABP of size s has a linear pencil of size at most 2s from the following

construction: )
I, —M;

Ly=

The ABP is computed in the upper right corner.

This construction is well-known and also used in [22].

2.3 Matrix Inverse

Let P be a 2 x 2 block matrix shown below.

P [pl p2]
pP3 P4

where p; is invertible and ps and p3 can be any rectangular matrices and (ps — pgpl_lpg) is also
invertible. Then we note that the inverse of P has the following structure [22].

pt _ [P (I +pa(pa = pspy 'p2) " pspr’) —py pa(pa — pspy 'p2) )
—(pa — papy "p2) " 'pspyt (pa — p3py 'p2)

If ps = 0, then P~! has a simpler structure.

-1 -1 -1

-1 p —D1 D2p

p1= (1) 1_14 . (2)
by

Hrubes and Wigderson use Equation [T to compute each entry of the matrix inverse recursively
by a small rational circuit.

Theorem 15. [2Z, Theorem 2.4] Each entry of an s x s symbolic matriz is computable by a rational
circuit of size O(s¥) where w is the exponent of matriz multiplication.

Remark 16. We observe that the same construction also yields a polynomial-size rational r-skewed
circuit as defined in Definition [0l for the matrix inverse. Inspecting Equation [Il we just need to
compute the entries of 101_1 and (pg — pgpl_lpg)_l and after that the remaining computation is
straightforward. Notice that, in the composition step while replacing each y; by g, L Definition
allows any g; to be a sub-circuit of some g;. Therefore, we can reuse the r-skewed circuit computing
each entry of pl_l and follow the same recursive construction to obtain a rational r-skewed circuit
of size O(s%).
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2.4 Recognizable series

A comprehensive treatment is in the book by Berstel and Reutenauer [7]. We will require the
following concepts. Recall that F(a)) is the formal power series ring over a field F. A series S in
F{z) is recognizable if it has the following linear representation: for some integer s, there exists a row
vector ¢ € F¥5_ a column vector b € F**! and an s x s matrix M whose entries are homogeneous
linear forms over zi,...,x, ie. Y ., a;x; such that S = c éZ@O Mk) b. Equivalently, S =
gt(I - M)_lb. We say, S has a representation (¢, M, b) of size s[.

The following theorem is a basic result in algebraic automata theory.

Theorem 17. A recognizable series with representation (c, M,b) of size s is nonzero if and only if
¢ (X pes_1 M*) b is nonzero.

It has a simple linear algebraic proof [I5, Corollary 8.3, Page 145 ]. This result is generally
attributed to Schiitzenberger. For the purpose of this paper, the theorem is used to apply that the
truncated series is computable by a small noncommutative ABP therefore reducing zero-testing of
recognizable series to the identity testing of noncommutative ABPs.

2.5 Matrix coefficient realization theory

The noncommutative rational functions lack a canonical form. If a noncommutative rational func-
tion is analytic (or defined) at a matrix point, then (matrix coefficient)-realization theory offers a
representation of the noncommutative rational function around that point. This is also common
in automata theory and control theory. For a detailed exposition of this theory, see the work of
Volcic [34].

Recall that, M, (F) is the m x m matrix algebra over F. A generalized word or a generalized
monomial in xy,...,x, over M,,(F) allows the matrices to interleave between variables. More
formally, a generalized word over M., (F) is of the following form: agxy, as---aq—1x5,aq Where
a; € M,,(F). A generalized polynomial over M,,(FF) is obtained by a finite sum of generalized
monomials in the ring M, (F)(z). Similarly, a generalized series over M, (F) is obtained by infinite
sum of generalized monomials in the ring M, (F){z).

A generalized series (resp. polynomial) S over M, (F) admits the following canonical descrip-
tion. Let E = {e;j,1 <14,j < m} be the set of matrix units. Express each coefficient matrix a in S
in the E basis by a F-linear combination and then expand S. Naturally each monomial of degree-d
in the expansion looks like €, jo @k, €1 1 Thy ** " €iy | ju 1 TkyCig,j, Where €;, 5, € F and xp, € x. We
say the series S (resp. polynomial) is identically zero if and only if it is zero under such expansion
i.e. the coefficient associated with each generalized monomial in the canonical representation is
ZEro.

The evaluation of a generalized series over M, (F) is defined on any k'm x k'm matrix algebra
for some integer ¥ > 1 [34]. To match the dimension of the coefficient matrices with the matrix
substitution, we use an inclusion map ¢ : M,,(F) — My, (F), for example, ¢ can be defined as

ta) = a® Iy or v(a) = Iy ® a. We now define the evaluation of a generalized series (resp.
polynomial) over M, (IF) in the following way. Any degree-d generalized word agzk, a1 - - - G4—12k,Gd
over M, (IF) on a matrix substitution (pi,...,p,) € M}, (F) evaluates to

v(ao)pr, t(ar) - - - t(ag—1)pr,t(aq)

3In the language of weighted automata, the matrix M is the transition matrix for the series S.
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under some inclusion map ¢ : M, (F) — My, (F). In ring theory, all such inclusions are known to
be compatible by the Skolem-Noether theorem [31], Theorem 3.1.2]. Therefore, if a series S is zero
with respect to some inclusion map ¢ : M, (F) — My, (F), then it must be zero w.r.t. any such
inclusions. The equivalence of the two notions of zeroness follows from the proof of [34, Proposition
3.13].

We now recall the definition of a recognizable generalized series from the same paper.

Definition 18. A generalized series S in M, (F){x)) is recognizable if it has the following linear

1><s, and

representation. For some integer s, there exists a row-tuple of matrices ¢ € (M,,(F))
b € (M,,(F))**! and an s x s matrix M whose entries are homogeneous generalized linear forms
OVer Tq,..., Ty i.e. Y., pir;q; where each p;, g; € M, (F) such that S = ¢(I — M)~ 1b. We say, S

has a linear representation (c, M, b) of size s over M, (F).
In [34], Vol¢i¢ shows the following result.

Theorem 19. [3], Corollary 5.1, Proposition 3.13] Given a noncommutative rational formula v
of size s over x1,...,xy and a matriz tuple p € My (F) in the domain of definition of v, v(z +p) is
a recognizable generalized series with a representation of size at most 2s over M, (F). Additionally,
t(z) is zero in the free skew field if and only if ¢(x + p) is zero as a generalized series.

Proof. For the first part, see Corollary 5.1 and Remark 5.2 of [34].

To see the second part, let v(z) is zero in the free skew field. Then the fact that v(z + p) is
a zero series follows from Proposition 3.13 of [34]. If t(z) is nonzero in the free skew field, then
there exists a matrix tuple (q1,...,¢,) € M} (F) such that v(g) is nonzero. W.l.o.g. we can assume
[ = k'm for some integer k’. Fix an inclusion map ¢ : M, (F) — My, (F). Define a matrix tuple
(g1, -, q,) € M}, (F) such that ¢, = ¢; — ¢(p;). Therefore, the series v(z + p) on (qi,-..,q),)
evaluates to t(g) under the inclusion map ¢, hence nonzero [34, Remark 5.2]. Therefore, v(z + p) is
also nonzero. O

Remark 20. More explicitly we can say the following which is already outlined in [34] Section 5].
For inclusion map ¢ : M, (F) — My, (F)

-1
n

t(g+u(p)) = u(e) | Laskrm — Y ((A™)(@) | u(b).

j=1
We also note down a few basic facts. The following is easy to show and also noted in [34].

Fact 21. Let v(xz +p) be a generalized series where p consists of matrices in My, (F). If we replace
each x; by a generic matriz over noncommuting variables (y§’k)1<j7k<m, then we get a nonzero
matriz over the y variables. More precisely, the map (x;) = (y; w)1<j k<m 15 identity preserving.

Another easy fact is the following.

Fact 22. Let v(z + p) has a linear representation c(I — M)™'b of size s. Then each entry of
t(Y(z) + p) is a recognizable series with transition matriz M (Y(z1),...,¥(z,)) of size sm. More
precisely, the (i, )" entry of v(¢(x) +p) has a representation (c;, M (¥(z)),b;) where ¢; and b; are
the it" row and j* column of ¢ and b repectively.

12



3 Derandomization of RIT from the Hardness of Polynomial Iden-
tities

In this section, we present a new approach to derandomize (almost general) RIT efficiently in the
black-box setting and prove Theorem Fl Given a noncommutative polynomial P(x1,...,z,) €
F(z1,...,z,), there is a well-known trick to reduce the identity testing of P to the identity testing
of a bivariate polynomial P’(yg,y1) over the noncommuting variables yg,y; by the substitution
T; + Yoyiyo for 1 < i < n.

For a rational formula t(z), such a variable reduction step preserving identity is not immediate.
Our first result in this section reduces the identity testing of an n-variate rational formula of
inversion height h to the identity testing of a rational formula of inversion height h over 2(h + 1)
variables. But before that we record a simple fact.

Fact 23. Given any rational formula ' of of inversion height at most h — 1 and size at most s, if
we can find a matriz tuple such that ¥’ is invertible on that matrixz tuple, then for a rational formula
v of size at most s and inversion height h, we can find a matriz tuple where v is defined.

Proof. Let F be the collection of all those inverse gates in the formula t such that for every g € F,
the path from the root to g does not contain any inverse gate. For each g; € F, let h; be the
sub-formula input to g;. Consider the formula v = hyihg - - hy (where k = |F|) which is of size at
most s since for each ¢ and j, h; and h; are disjoint. Clearly, v/ is of inversion height at most h — 1.
So if we find a point ¢ such that '(¢) is invertible then v is defined at that point g. O

Now we state and prove the variable reduction lemma for rational formulas.

Lemma 24. Let t(z1,...,x,) be a rational formula of inversion height h. Then, there exists a
2(h + 1) variate rational formula v of inversion height h over the variables {y;o,yj1 : 0 < j < h}
such that ¢ is zero in F<xy if and only if v is zero in F<y». Moreover, v is obtained from t by

substituting x; by Z?:o ngyﬁlyjo for1 <i<n.

Proof. The proof is by induction on the inversion height h. In fact we use a stronger inductive
hypothesis: For every nonzero rational formula of inversion height h, there also exists a matrix
tuple (p1,...,pn) and a collection of matrices {qoo, - - -, qno, Qo1, - - - »qn1} such that t(p1,...,py) is
invertible and for each i € [n], p; = Z?:o QjOQ§-1Qjo-

It is true for noncommutative polynomials for which h = 0. It is already mentioned that the
substitution z; < yoyiyo reduces the identity testing of P(x) to the identity testing of P’(yo,y1)-
Moreover, by Theorem [[I], we know that we can find matrices ¢g, ¢ such that the bivariate poly-
nomial P’(qo, q1) evaluates to an invertible matrix. Since P(qoq1q0, 904390, - - - » 90q7q0) = P'(q0, q1),
we establish the base case of the induction.

Inductively, suppose that it is true for any formula of inversion height h — 1. Now con-
sider a nonzero rational formula t(z1,...,2,) of inversion height h. From the inductive hy-
pothesis and Fact 23] there exists a matrix tuple (p1,...,p,) and a collection of matrices
{005 - - - Gh—1)05Go1, - - - y G(n—1)1} such that v(p1,...,pn) is defined and for each i € [n], p; =
Z?;ol (jjotjélcjjo. Let the dimension of each p; be m. Therefore, t(z+p) is also a nonzero generalized
series by Theorem [I91 Replacing each z; by yoy]yo, we obtain a nonzero bivariate generalized series
and suppose it is nonzero for 1y = qno and y; = @51 of some dimension km for an integer k. Notice
from Section 2] that a generalized series is zero if and only if the coefficient of every monomial in
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the canonical representation is zero. Therefore the bivariate substitution z; — yoyiyo preserves the
nonzeroness of a generalized series. Therefore,

©(@r0@n1Gro + ¢(p1); - - - Gro@n1 " @no + t(pn))

is also nonzero. Notice that, (p;) = Z?;& 1(G;0)(¢(Gj1))"e(Gjo) for the inclusion map ¢ from
M, (F) — Mg, (F). We can now define ¢/ substituting each z; in t by Z?:O Y;j0Yj1950. Clearly,
v/ is nonzero. By Theorem [I} v/ is also invertible for some matrix tuple ¢ of same dimension.

Hence t(p1,...,py) is invertible for p; = Z?:o qjoq;-lqjo. O

Next we show that if Conjecture [2] is true then any rational formula of size s and inversion
height h < B(log s/ loglog s) for B € (0,1), is nonzero on a matrix tuple of dimension (ylog s)**
for some constant ~.

Lemma 25. Let t(z1,...,x,) be a nonzero rational formula of size s and inversion height h <
B(log s/loglog s) for any constant 0 < B < 1. Then, Conjecture [2 implies that there is a matriz
tuple (p1,...,pn) € M2 (F) such that t(p1,...,pn) is invertible and m = (ylogs)"* for some
constant v > 1.

Proof. The proof is by induction on h. For the base case h = 0, Conjecture 2] implies that the
noncommutative formula is nonzero on generic clog s (for some constant ¢) dimensional matrix tuple
(Z1,...,%Zy,) where Z; = (Zéf;)1<g7kgclogs. Also Theorem [I1] says that the formula evaluates to an
invertible matrix M (Z) on substituting x; by Z;. Now using standard idea, random substitution
to the variables in Z1,..., Z, yields such a matrix tuple.

Inductively assume that we have already proved the dimension bound on the witness of the
invertible image for rational formulas of inversion height at most A — 1. Let the dimension of the
matrices be dj_1. Now given a rational formula t of size s and inversion height h, observe that v is
defined on some dj,_; X dj_1 matrix tuple g using Fact

Then by Theorem 9, t(z 4 ¢) can be represented by a recognizable generalized series of size
at most 2s such that t(z) is nonzero if and only if t(z + ¢) is nonzero. Using Fact 211, apply the ¢
map on the variables such that 1(z;) substitutes the variable x; by a matrix of fresh noncommuting
variables z](zl,)C for 1 < j,k <dp_q.

Using Fact 22] observe that we get a matrix of recognizable series and each such recognizable
series can be represented by an automaton of size at most § < 2sdy,_1. Since v preserves identity,
one of such recognizable series will be nonzero. So w.lo.g, let the series be 571 computed at (1, 1)th
entry is nonzero. Let the transition matrix for Sy ; is M; ;. Then using Theorem [I7 the truncated
finite series 51,1 =ct (Zkg i1 M{“ 1) b is nonzero, which is a noncommutative ABP.

If Conjecture Rlis true then 5'1,1 will be nonvanishing on a matrix tuple p of dimension O(log 3).
Now by the following simple scaling trick, we show that the infinite series S, is nonzero at a matrix
tuple of dimension clog .

Claim 26. We can find a matriz tuple p’ which is a scalar multiple of p such that S11(p") is
Nnonzero.

Proof. Let T be a commutative variable and consider the matrix tuple,

1 1
Tp = (Tpil}, . ’Tptgh};udhq’ . ,Tpﬂ}, . 77—pc{lﬁl,dh,1)'
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Observe that M 1(7p) = 7Mi,1(p). From the definition of the series S 1,

S11(z) = S14(z +Zc M1 1b.

=8

Let d be the dimension of the matrices in the tuple p. We now evaluate Si; at 7p to get the
following:
5171(7']_)) 511 Tp +ZT ®Id M{,l(?)'(b@)[d))'

=8

Since Sy1(p) # 0, we have that Sy 1(7p) evaluates to a nonzero matrix whose entries are power
series in the variable 7.

It is also true that Sy 1(7p) = (c® I)! - (I — My1(mp))~! - (b ® I,) which is rational expression
in 7 where the degrees of the numerator and denominator polynomials are bounded by poly(3$, d).
Hence we need to avoid only poly (5, d) values for 7 such that S 1(7p) is defined and nonzero. [

The above argument shows that for a specific value 79 for the parameter 7, the generalized
series t(z + ¢) evaluates to nonzero on a matrix tuple (N1(7o) +¢(q1), ..., Nn(70) + ¢(¢,)) where N;
is obtained from the matrix (Z§f2)1<j7k<dh71 by substituting the variables (ng])g)lgj7k<dh71 by Topg-f])g.
Also ¢ is the inclusion map ¢ : My, | (F) = Mg, ,(F) defined as ¢(¢;) = ¢; ® 14.

Hence t is nonzero on generic matrix tuples of dimension d, = ddp—1 < cdp—1log(sdp_1).
Inductively assume that d;_; < (2clogs)”. Since h < B(logs/loglogs), we can observe that
s > dj,_;. Using this we get that dj < ¢(2clogs)?log(s?) and that yields dj, < (2clog s)"*!. We
take v = 2c.

Therefore by Theorem [I] t(z) evaluates to an invertible matrix on substituting z; by generic

matrices of dimension (v log s)"*1. O

Now we are ready to show that if Conjecture 2] is true, then we can find a subexponential-size
hitting set for rational formulas of size s and inversion height up to ¢ (log s/ loglog s) for a suitable
constant ¢’ that depends on the exponent of the subexponential function.

Proof of Theorem M. Let t(z1,...,x,) be a rational formula of inversion height h and size s.
Consider, t'(yoo0, Yo1, - - - » Yno, Yn1) obtained from v by substituting x; by Z?:o yjoy;-lyjo for 1 <i <
n. From Lemma [24] we know that t(z) is nonzero if and only if v/(y) is nonzero. Moreover, ¢’ has a
rational formula of size at most s’ which is of O(snh). Therefore, v must be invertible on dj x dj,
generic matrix substitution where dj, < (vlogs’)"*! from Lemma Using Proposition [0, we
know that v/ has a linear pencil L’ of size at most 2s’. W.l.o.g, assume that t/ is computed at the
(1, 1) entry of L'~

Hence, if we substitute the variables oo, yo1,---,%Yon, ¥1n by dn X dj generic matrices
{760 761 .0 < i < h)} (over commuting variables), the (1,1)" block of L'~1(Z) will be of
form % where det(L'(Z)) is a polynomial of degree at most 2s'(ylogs’)**!. Further, each
entry of the matrix M’ is a cofactor of L'(Z) and therefore it is a polynomial over the Z variables
of degree at most 2s'(7ylog s')"T!. This shows that det(M’(Z)) is a nonzero polynomial of degree
at most 2s'(ylog s')2h*2,

The sparsity of det(L/(Z)) and det(M’(Z)) are bounded by r = (s'(ylog s)2h+2)0(h(ylog)*"*%)
Now we can use standard sparse polynomial hitting set for x-sparse polynomials to hit both the
polynomials [27]. This gives us a strong hitting set H' for v/.
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Consequently, we get a strong hitting set of same size for v by using the substitutions of x;
variables by the yoo, Y01, - - - , Yon, y1» described in Lemma More formally, we define

h
Hops ={(01--.pn) 1 0 € H'ipi =D qjod1j0}-
=0

O
An immediate corollary is the following.

Corollary 27. The hitting set size and the construction time is g(logs)0) for h = O(1). If we

want to maintain a subexponential-size hitting set of size 2s° for 6 € (0,1), then h can be taken to

log s
loglog s

be at most cg < > where cg is a constant depending on §.

4 Computing the Matrix Rank over the Free Skew Field

In this section, we give an efficient algorithm to compute the rank of any matrix over the free
skew field whose entries are noncommutative polynomials or rational functions with small linear
pencils. Additionally we output a matrix tuple on which the rank is achieved. This is done in two
steps. Firstly in Section [4.1] we introduce a blow-up definition for matrix rank over the free skew
field extending the results for linear pencils. Next, we show an efficient reduction from the rank
computation over the free skew field to the linear case in Section The blow-up definition is
used to compute the matrix tuple as the witness of the noncommutative rank for such matrices.

4.1 On Blow-up Rank of Matrices over the free skew field

We consider a blow-up definition of noncommutative rank for matrices, denoted ncrank®, over the
free skew field. This notion was introduced for linear matrices [I3] 24], and for any linear matrix
M it coincides with ncrank(M), the inner rank of M [24]. In this section we show that ncrank™
coincides with the inner rank (ncrank) for matrices over the free skew field. We focus on square
matrices.

Given a matrix M = (g;;)1<ij<m over F<xy, ..., z,» and d € N, let

M = {M(p1,....,pn) | (p1,-.-,pn) € MG(F)}.

Define rank(M{¥) = max,, . pirank(M(p1,...,pn))}. We show that rank(M14) is always a
multiple of d (Lemma [30]). Moreover, this maximum is achieved for the generic matrix of dimension
d x d as shown in Claim

Definition 28. The blow-up rank of the matrix M is defined as

{d}
ncrank* (M) = dlim %.
—00

We first show the existence of this limit and then argue that ncrank™ (M) = ncrank(M).

Claim 29. For any mxm matriz M = (gi;) over F<x1,...,x,», and for each d € N, the mazimum
rank of the image of M for substitutions from MJ(IF) is the rank of M on d x d generic matrices.
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Proof. Let p in M}(F) be the matrix substitution such that rank(M (p)) = r is maximum. Let

rank(M (1)) = r”*,

where T'= (T1,...,T},) is an n-tuple of d x d generic matrices. More precisely, T}, = <t(k-)

d )1<m<d
and 1 < k < n.

Observe that there is a r x r submatrix of M (p) with nonzero determinant. Hence, the de-
)

(k)

terminant of the corresponding submatrix in M (71 i variables.

Therefore, r* > r.

is a nonzero polynomial over ¢

Conversely, there is an r* x r* submatrix of M(T) whose determinant is nonzero. This de-
Ekj) variables. Hence, there is a scalar substitution p in
M (IF) for these variables such that the determinant remains nonzero. Clearly, M (p) is of rank r*.

Therefore, r > r*. O

terminant is a nonzero polynomial in the ¢

Next, we observe that the regularity lemma [24], originally shown for linear matrices, extends
to all matrices over the free skew field.

Lemma 30 (A generalization of regularity lemma). For any m x m matric M = (gij)1<i j<m over
F<Lzy, ..., x> there is a positive integer dy such that the maximum rank of the image of M on
d x d matriz algebra for all d > dy is always a multiple of d.

Proof. The proof is straightforward adaptation of the proof for the linear case as presented in
Makam’s thesis [29, Chapter 4]. Let dy be the minimum positive integer such that any nonzero
element g;; is not identically zero on Mg(FF) for d > dy. By Amitsur’s theorem (Theorem [T the
images of the rational expressions g;; are in the universal division algebra U(d). Let T" be a tuple
of generic matrices of dimension d x d. Then by row and column operations in U(d) it is possible
to transform the matrix M (7") into the following form:

Iy
Iy

0

If there are exactly r blocks of I; in the above matrix then clearly its rank is rd. O

Claim 31. For any m x m matrizc M over F<x) there is a dy € N such that for d > dy if
T = (T1,...,T,) is a tuple of generic matrices of size d and T' = (1y,...,T)) is a tuple of generic
matrices of size d + 1, then we have that

rank(M(T{,...,T))) > rank(M (11, ..., T,)).

Proof. We prove it by induction on m. Let dy be the minimum integer more than m such that any
nonzero entry in M is not an identity for the matrix algebra My, (F). The case m = 1 follows from
Amitsur’s theorem on universal division algebra (Theorem [[T]) as the image must be invertible. For
the induction, suppose a;; is a nonzero entry of M (it must have a nonzero entry). By row and
column permutations we can rewrite M as:



where M' is an (m — 1) X (m — 1) submatrix of M.
Let M" = M' — cjai_jlbi € M,,,—1(F<zy). By some row and column operations we obtain

Qg4 0
weu(® 8y
for invertible matrices U and V' over F<€z). Therefore, for any matrix substitution p,

rank(M (p)) = rank(a;;(p)) + rank(M"(p)).

By the induction hypothesis, rank(M”(T")) > rank(M"(T)). Again by Amitsur’s theorem,
rank(a;;(1")) > rank(a;;(7)). Now the claim follows. O

Notice that, rank(M{%) = rank(M(T)) and rank(M{4+1}) = rank(M(1")). Therefore,
rar1(d+1) = rqd > (Td — 1)(d +1).

The second inequality follows from the assumption that d is more than m. Hence, rg11 > r4. The
sequence {ry} is then weakly increasing and bounded. Therefore the limit exists.

It follows that for any matrix M over F<z,...,x,,» we have
k(M k(M i}
ncrank® (M) = lim rank(M7) = max M.
d—0o0 d d d
Lemma 32. For any m xm matriz M over the free skew field F<x1, . .., x,» we have ncrank(M) =
ncrank® (M).
Proof. Let ncrank(M) = r. Then there is an m xr matrix A and r x m matrix B over F<z, ..., z, )

such that M = A - B. For any matrix substitution (p1,...,py,) of dimension d X d,

M(p1,...,pn) = A(p1,-- . 0n) - B(p1,. .. 0n)-

Hence, rank(M (p1,...,pn)) < min{rank(A(pi,...,pn)),rank(B(p1,...,pn))} < rd.

Therefore, ncrank™(M) < r.

For the other direction, again let ncrank(M) = r. We need to show that for some dy € N and
all d > dy, for the d x d generic matrix substitution (71,75 ...,T,) we have rank(M (T1,...,T},)) is
at least rd.

Claim 33. For each v < r there is an v’ x v’ submatriz M,. of M such that M, (Ty,...,T,) is
wnvertible.

Proof of Claim. We will prove it by induction on r’. For ' = 1 we can choose any nonzero entry
gi,; of the matrix M. For sufficiently large d the matrix g; ;(11,...,7;,) is invertible by Amitsur’s
theorem (Theorem [IT).

By induction hypothesis, let ' = r — 1 and suppose there is an r’ x r’ submatrix M, of M such
that M, (Ty,...,T),) is invertible. Permuting rows and columns suitably we may assume M, is the
top left submatrix indexed by {1,2,...,r'}. Without loss of generality, we can write:

M, | A
- (e,
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Let C' = C — BM;lA where M;l is the inverse of M, over F<x1,...,z,». Then there are
invertible matrices U,V corresponding to row and column operations such that

M| 0
M = d :
v () v

Observe that, » = ncrank(M) = ncrank(M,/) + ncrank(C’) = 7’ + ncrank(C’). Hence,
ncrank(C’) > 0. Let ¢;; be a nonzero element of C’. Define the matrix M, of dimension 7 x 7:

Mr _ ( MT/ CL]' > 7
bi Ci,j
where b; is i row of B and aj is 4% column of A. As c;j = Cjj — biMr/_laj # 0 and d is sufficiently
large, by Amitsur’s theorem (Theorem [IT]) it follows that cgj (Th, Ty, ..., T,) is invertible. Hence
M, (Ty,Ts,...,T,) is invertible which proves the claim. O
Claim B3] shows that there is a submatrix M, of M such that the rank of M, (71,...,T,) is

rd. Hence ncrank™(M) > r. Putting it together we have shown ncrank®(M) = ncrank(M) which
completes the proof. O

h

4.2 The Rank Computation

In this section, we prove Theorem [Bl The idea is to reduce the computation of noncommutative
rank of a matrix with skew field entries to noncommutative rank computation of a linear matrix
incurring a small blow-up in the size. To show the reduction, we need the following lemma.

Lemma 34. Let P € F<z»™*™ such that,

A B
r=le )

where A € F<x»"*" is invertible. Then,
ncrank(P) = r + ncrank(D — CA™'B),
Proof. If Q) is an n x n invertible matrix over F<z ) then
ncrank(QP) = ncrank(PQ) = ncrank(P).
For if P = MN then QP = (QM)N and if QP = M N then P = (Q~'M)N. Similarly for PQ.

The matrix
AL 0
0 Im—r

is full rank. Similarly, the matrix

is full rank because
I, 0 I, 0 e 0
-C Im—r C Im—r B 0 [m—r .
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Hence, ncrank(P) equals ncrank(R) where

Ro |l 0] (At o] [A B]l_[L A7'B
- -C Iy 0 In. |C D] |0 D-CA'B

Post-multiplying by the invertible matrix I, —A7'B btain L 0
ost-multiplying by the invertible ma 0 I, we obtain | . o~ 1p)
It is easy to see that its inner rank is 7 + ncrank(D — CA~!B). O

In the following lemma, we relate the noncommutative rank of a matrix with skew field entries
with small linear pencils to the noncommutative rank of a linear matrix.

Lemma 35. Let M € F<z»™*™ be a matriz where each (i,7)" entry g;; is computed as the (1,1)"
entry of the inverse of a linear pencil L;; of size at most s. Then, one can construct a linear pencil
L of size m?s +m such that,

ncrank(L) = m?s + ncrank(M).

Proof. We first describe the construction of the linear pencil L and then argue the correctness.
W.lo.g. we may assume that each linear matrix L;; is s x s (by padding it, if required, with an
identity matrix of suitable size).

" Lqq 0 e 0 By ]
0 Lip - 0 Bio
Let L= | SR o (3)
0 0 “+ Lpm | Bim
L —Cn1 —Ci2 -+ —Chpm| 0]

where each Cj; is an m x s and B;; is an s X m rectangular matrix defined below. Let e; denote
the column vector with 1 in the i*" entry and the remaining entries are zero. We define

Cz'j = (3 Of--- 0 and, Bij =

To argue the correctness of the construction, we write L as a 2 x 2 block matrix. As each L;; is
invertible (otherwise g;; would not be defined), the top-left block entry is invertible. Therefore, we
can find two invertible matrices U,V implementing the required row and column operations such
that,

Ly, 0 - 0 |0

0 Lyg -~ 0 |0
L—ul - . : v

0 0 Lunm | 0

00 0 |D

for some m X m matrix D.
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Claim 36. The matriz D is exactly the input matriz M.

Proof of Claim. From the 2 x 2 block decomposition we can write,

Ly 0 - 0 B

~ 0 L1_21 0 Bis
D = [C11Ci2 -+ Crmy] R ) } = ZcijL,'_leij-

0o 0 - L;b Brm

Observe that, for each i, j, CijLi_leij is an m xm matrix with g;; as the (¢, §)t" entry and remaining

entries are 0. Hence, D = M. ]
Notice that the top-left block of L in Equation B is invertible as for each i,j € [m], L;; is
invertible. Now the proof follows from Lemma [34] O

Proof of Theorem [BlL For any matrix M = (¢;j)mxm such that for each i,j € [m], gi;; in
F<x1,...,x,> has a linear pencil of size at most s, construct a linear matrix L of size m?s + m
from the previous lemma. We can now compute the noncommutative rank of L using the algorithm
of [24] in deterministic poly(s,m,n)-time. Let the rank be r. We now output r — m?s to be the
noncommutative rank of M. The correctness of the algorithm follows from Lemma

By the equivalence of the inner rank and blow-up rank established in Section 1.1, we know that
ncrank® (M) = r — m%s. Now we use the algorithm in [24] to compute a matrix tuple p € My(F)
such that the rank of L(p) = rd for some d = O(m?s). Clearly rank(M (p)) = (r—m?s)d. Therefore,
the matrix tuple p is also a witness of the rank of M. O

5 Efficient Linear Pencils for Inversely Disjoint r-Skewed Circuits

We now prove that an inversely disjoint rational r-skewed circuit of size s has a linear pencil
representation of size O(s2). We first prove a more general result, a composition lemma for linear
pencils which implies Theorem 8l

Lemma 37. Let L be an s X s linear pencil over x1,...,2, and y1,...,ym. Let fi; = (L_l)i,j for
i,7 € [s]. Let g1,...,gm be rational functions over x1,...,x, such that each g has a linear pencil
Ly of size at most s,. Then we can construct a single linear pencil L of size Y "y si+m+ 252 + 5
in poly(s1, ..., Sm,s, m,n)-time such that

" m
(L_1)232+§+i,2s2+§+j = fzpj(@,gl_l, e 797711) fori,j € [3]7 where 5 = Zsi +m.

i=1

Proof. For each i,j € [s], fij = (L~ Yz, y1,. .. s Ym))(i,j) and define h; ; = fi,j(g,gl_l, g, As
the variables y1,. ..,y are indeterminates, we can rewrite each h; ; as the following:

hi,j = (L_l(gagl_17 cte 7gT_le))(lvj)

We first describe the construction of the linear pencil L and then prove the correctness of the
construction. Let L be a linear pencil over x1, ..., x, of size 5§ where for each k € [m], there exists
ik, Jk € [S] such that g,;l = (L™, ;.- The description of L is given later.
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. Let (L)Z'J =

Let us first define two s x s linear pencils L' and L” as follows. Fix 4,j € [s]
Q0+ D py Ok i Tk Y opq Bri Yk - Write L = L'+ L" such that (L');; = g + Y1y @ j2) and

(L")ij = >0, Brijyk- We now define L as a 4 x 4 block linear matrix of size 5+ 2s® + s,

Iaol4 ] 0o
~ 0|Z[A]o0
L= 4
00 |I:]4; |’ )
Ao oL

where I is the identity matrix of size s? and Ay, Ao, A3 and Ay are some rectangular matrices
x s and s x s? respectively. We now define the construction A, Ay, A3

of dimension s% x §, § x s2, s>

and Ay4. Subsequently in this proof I is used for Ig.
~ AT
LA . Then Ll_1 = L=l .
0| L 0| L7t

Let Zl =

We now consider the top-left 3 x 3 block matrix.

B I A0 B i1 g
Let Lo= |0 L |A, Then L;lzl ; 11 :
0 0| 1[I
. I A - 0 . Ali_lAg
where B; = — . .[Az]_ —E_IAQ .

Define the s2 x s2 matrix A;L~'Ay = By. Recall that, (L");j = > pq Bk.ijyk.- We index the rows
Define for each (i,j) € [s] x [s] and

of Ay and columns of Ay as a pair (i,7) for some i,j € [s]
k€ [m], (A1) ()i = Brig» (A2)j,.,5) = | and the other entries are zero. Then,

(B2) i) = 2 (A0 igin (T i (A2) 56y = D Briiniis
k=1

UesJk
We now define, for each i,j € [s|, (A4); ;) = —1 and 0 otherwise and (A3)(;;),; = 1 and 0
otherwise. Since
I A 010
= 0 L Ay| O
L= 5)
0 0 I |A4;|° (5)
Ay 0 0| L
o\

ll M } where, Bs= |L'— (A4 0 O)E;l 0
A3

N L' =
oW, |: * Bg

Simplifying further,
By = (L' — A4BoA3) ™' = LNz, 07", 01 )

G i = hij

Therefore, for each i,j € [s], (B3)i; = (L‘l(;n,gl_l,
Now we construct the linear pencil L of size § = )" | s + m.
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For k € [m], let there are indices 7, jj, € [s] such that g = (L, ") ;7. We now define for each

k
k€ [m],
— Lk e
Lk = [ _e?; 6 ] .
Yk

Here the vectors e; are the unit vector. The construction of L is now as follows:

Li 0 ... 0

. 0 Ly ... 0

L=|. - (6)
0 0 ... L,

Considering the L' as an m x m block matrix where the " block is of size s; + 1, it is easy
to see that for each k € [m], the bottom-right corner entry of the k¥ block of L™! is g,;l. To see
this apply Equation [Il with ps = 0. O

Now the proof of Theorem [ follows easily from Lemma [37]

Proof of Theorem [Bl We show that inversely disjoint r-skewed rational functions of height &
and of size s have linear pencils of size at most cs? for some constant ¢. We prove it by induction
on the inversion height h. For the base case h = 0, the input circuit is a noncommutative ABP and
the theorem holds by Proposition 141

Let f(z,g97 Lo ,g-1) be an input inversely disjoint r-skewed rational function of height h
computed by the circuit C’. Replacing g, ! by new variable y; we get a noncommutative ABP
C'(z,y) of size s' < 's. Again by Proposition [[d], C’ can be represented by a linear pencil of size at
most 2s’. Let g1,...,gm are computed by inversely disjoint r-skewed circuits of size s1,..., s, and
inversion heights < h — 1. By the inductive hypothesis each g, is computable by a linear pencil of
size at most csi.

Hence by Lemma B7) there is a linear pencil of size S representing C’(z, g, Lo g) which
satisfies the following condition.

m
S<ed st+m+8s7+25

Simplifying further,
m
S<e (Zsi%—m—l—s&) ,
k=1

for sufficiently large c. Since the sub-circuits for gi,..., g are disjoint, we get that (>}, s% +
m+s?) < (O, sk +m+8)? < s So, S < es? for some large constant c. O
We now prove the following property of the linear pencil constructed in Theorem [§l

Proposition 38. For any inversely disjoint rational r-skewed circuit computing v € F<Lx» and a
tuple of matriz p € M}, (F) for some finite m, the following are equivalent.

1. v is defined at p.
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2. For every gate u which is an output gate or a child of an inverse gate, the pencil constructed
in Theorem [8 corresponding to the rational expression computed at u is invertible at p.

Proof. We first prove that (1) = (2) by induction on inversion height h of t. For h = 0, the
rational expression t is a polynomial f computed by a noncommutative r-skewed circuit (ABP).
Note that f is defined everywhere and the linear pencil L constructed in Proposition [[4lis invertible
everywhere.

Let ¢ is of inversion height h. Write v = f(z,g; Lo ,g}) and thinking the place holder
variables for gl_l, oo gt as y1, ..., ym we get f(2,91,- .., Ym) which is a noncommutative ABP
over over T,yi,...,Ym. 1Lhe rational functions g, Lo g} are of inversion height < h — 1 (some
g; is of inversion height h — 1 since t is of inversion height h).

Let uq, ..., um be the set of nodes in the circuit of t such that each wy is a child of an inverse gate
computing gi. Let L be the linear pencil corresponding to f(z,y) from Proposition T4l For some p,
let ¢(p) is defined. Therefore, each g,;l is also invertible at p. From the inductive hypothesis, linear
pencil Ly, (which is constructed by applying Theorem []) corresponding to g, is also invertible at p.
Consider the construction of L from Equation [6l It is easy to see from the construction that L is
also invertible at p.

Let L be the linear pencil representation obtained for r. We now consider the Equation
described in Lemma 37l We can conclude that L is invertible at p if and only if the bottom-right
corner block of the inverse, Bj is defined at p ie. L(z,g; Lo, g,nl) is invertible at p. Define
gi(p) = p}, and ¢ = (p,p},...,p),). Clearly, f(q) = t(p). Since L is a linear pencil for f, it is
invertible everywhere. In particular, L(z, g; L , g1 is invertible at p and hence, L is invertible
at p.

The other direction follows closely from the proof of [22, Proposition 7.1]. We briefly discuss it
for completeness. If v is not defined at p then there exists a gate computing some rational function
¢~ ! in the circuit for v such that g(p) is defined but not invertible. So by the induction hypothesis,
the linear pencil L, (constructed from Theorem [§]) representing g (at the entry (¢1,¢2)) is invertible
at p. Now consider the linear pencil Zg for g~'. From the decomposition, we observe the following.

T I o I| 0 Ly | eq,
I\ =l Ly [ 1) \ 0] el Ly e, 01 )

If Zg (p) is invertible, then g(p) = eZ L;legz is also invertible. Hence Zg (p) is not invertible. O

Proof of Corollary Let v(z, g7 L ... ,g;") be the input inversely disjoint r-skewed circuit of
size s. By Theorem B, we construct a linear pencil L of size O(s?) for t=1. Now by Proposition B8]
v~ ! is defined at p if and only if E(]_)) is invertible. But t is nonzero if and only if t~! is defined [I].
So for nonzero testing of t, it is enough to apply the singularity testing algorithms in [24] on the
linear pencil L in white-box case. For the black-box case one can use the algorithm in [I3]. In
fact the result in [24] also gives the dimension upper bound of O(s?) for the tensoring matrices on
which L should be tested for singularity. This also leads to randomized polynomial-time black-box
algorithm that simply substitutes the variables randomly from matrices of dimension O(s?) over
sufficiently large fields. O

6 Future Directions

Our work raises the following questions for further research:
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The most important question is to obtain an unconditional derandomization of the black-
box RIT problem. The current best known result is a quasipolynomial-time black-box RIT
algorithm for rational formulas of inversion height at most two [2].

Theorem M opens up a new motivation to further study the Conjecture 2 In [4], it is shown
that a nonzero noncommutative polynomial of sparsity s can not be an identity for some
k = O(log s) dimensional matrix algebra. This solves a special case of the conjecture and the
proof uses automata theoretic ideas very crucially. Can we improve these techniques to settle
the conjecture completely?

The effective use of Higman’s trick has found new applications in randomized polynomial-
time factorization algorithm for noncommutative formulas [3]. The proof of Theorem [ does
not use Higman’s trick. It would be interesting to see whether such ideas can be applied
elsewhere.

Can we exactly characterize (up to a polynomial-size equivalence) the expressive power
of linear pencil representations for some sub-class of rational circuits? In this paper, we
show that inversely disjoint r-skewed circuits have polynomial-size linear pencils. This gives
ID-R-rSC C LR. It would be very interesting to prove that rational r-skewed circuits can be
expressed by polynomial-size linear pencils. In other words, prove that R-rSC = LR.
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